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Abstract—The present paper is concerned with the formulation of the generalization of theories describing
heat and mass flows in a continuous medium. The considerations are based on the non-equilibrium
thermodynamics. As a result the fundamental equations for the mass and heat fluxes and for the ther-
modynamic and mechanical fields, are obtained and the corresponding set of differential equations
is formulated. Certain differences are pointed out between the general theories presented here and
the thermodiffusion theory and the theory of mixtures. A thermodynamic variational principle is con-
structed. All the investigations concern only flows with a single temperature field. Copyright © 1996
Elsevier Science Ltd.

1. INTRODUCTION

Process of mass and heat transport in homo- and
heterogeneous media have been the subject of intense
investigation for several years. Some elements of
mechanical processes in the theory of mixtures can be
found in a paper written by Truesdell in 1957 [1]. He
presented further results, which are based on con-
temporary thermodynamics, in refs. [2-4]. At present
there are many publications on the theory of mixtures.
Some of them are rather general (for instance the
works of Atkin and Craine [5, 6] and Wilmanski [7])
and some concern its particular applications and
aspects. There are also monographs concerning the
theory of mixtures. In well-known works by Slattery
{8) and Bowen [9] we find equations of balance and
entropy inequalities for various problems of the
theory of mixtures, and in addition a number of com-
ments, and very comprehensive materials concerning
those problems. In these books, as well as in the papers
previously cited [5-7], there are extensive lists of ref-
erences concerning the theory of mixtures. In this
paper the list of references contains only certain
chosen publications on this problem.

On the other hand there are numerous examples of
single flows in a distinguished and dominant constitu-
ent, 1.e. a skeleton, for instance fluids and gases per-
meating solids. These cases lead to the deformation
of the body, its expansion and shrinkage. Thus, for
example, filtration of hydrogen under pressure into
steel results in appreciable deformations. Thin mem-
branes permeated by hydrogen undergo bending or
warping and the diffusion flows coupled with a stress

1 Present address: 41 Bailey Road, Oxford OX4 3HU,
UK.
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field occur, often with conversion between body con-
stituents.

The effect of heating the body during mass trans-
port is equally important. An experiment proves that
the distribution of humidity in a porous medium is
substantially changed by changes of temperature fields
[10, 11]. In order to accelerate the exit of a gas from
a metal, heating of the body is used in such processes
as the carbonation or decarbonation of steel which
occur in a variable temperature field. These facts lead
directly to the thermodiffusion description, and this
theory involves the interactions between processes of
mass transport, thermal processes described by tem-
perature fields and the process of deformation of the
body described by the displacement vector and the
state of stress. (See for instance [12-16] in an elastic
and {17-19] in a viscoelastic body.) These coupled
thermal, mechanical and diffusion flows phenomena
are typical not only for many capillary-porous media
but one can also observe them in the majority of
technological processes, where material structure
rebuilding is concerned (i.e. recrystallization). More-
over one can describe new material constituent gen-
eration as a result of deformation processes, tem-
perature changes, and mass flows, or to some extent
of chemical reactions and phase changes in a solid
[10].

The possibility of describing the processes described
above is provided by two theories in general, i.e. either
by the theory of mixtures for the multicomponent
medium (which seems to be the most global) or by
the thermodiffusion theory for single flows through
the skeleton. However there are differences in the
description of the process of mass transfer in these
theories. While in the theory of mixtures the mass
transport is characterized by the momentum of the
particular particles [20-23], in the thermodiffusion
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NOMENCLATURE

the density of a scalar quantity per unit
volume

the density of a vector (tensor)
quantity per unit volume

the region which is occupied at time ¢
by an arbitrary material volume
belonging to the volume # (b < %)
concentration of the «th component

a trace of a deviator of a strain tensor
(volume expansion) ¢ = ¢

basic vectors in a Cartesian coordinate
system

deviator of a strain tensor ¢;;

Young’s modulus (of elasticity) in
tension and compression

a scalar field of free (Helmholtz)
energy density at time ¢ per unit

mass [pF(x,1) = pU(x,1)—pTS(x,1)]
volume distribution of body force per
unit mass acting at time ¢ (F = Fe))
shear or rigidity modulus (of
elasticity)

the density of the flow of the quantity
A, per unit of surface ¢4 and per unit of
time

the convection part of the flow j,,
which is equal to the scalar product av
the conduction (diffusion) part of the
flow j.

the global flow of the entropy

mass flux of the constituent «

a vector of thermodynamic fluxes

mass flux of the total mixture (body)
chemical potential

the unit vector normal to the surface
cH

the unit vector normal (external) to éb
external energy flux across ¢b, due to
heat flux only, per unit time and unit
surface area [q = q(x, )]

a scalar field of external volumetric
energy sources per unit mass and per unit
time [r = r(x, )]

velocity with which mass is supplied to
s, from the other components per unit
volume

scalar field of external volumetric
production of entropy density at time ¢
in each volume b in actual
configuration per unit mass and per unit
time [S = S(x,1)]

vector of stress distribution

[t* = t*(x, t,m)}] ; a stress vector acting on
surface x; = const.

a stress tensor influencing the x«th
component as a result of the interaction
of all the components

an absolute temperature [T = T(x, #}]

a scalar field of internal energy density
at time ¢ per unit mass and unit time
[U=Ux.0]

the vector of displacements

diffusive particle velocity (diffusive
velocity of a particle) at time ¢

the volume of an arbitrary sub-body #
cut out of the body %, and bounded by
the surface 0%

the volume of a body #, bounded by
the surface 64,

the velocity of convection/mean
velocity at time ¢

velocity vector at time ¢

the spatial position x = 3(X. #) of
particle X at moment of time ¢

a particle identified with its position X
a position of particle

a vector of thermodynamic forces.

Greek symbols

x
]

LY

éb

a-th component of the mixture

a finite continuous body composed of
particles X

a body occupying the volume V),
bounded by the surface 04,

the Gateaux differential

the Kronecker delta-function

a scalar describing the rate of global
flow represented by conduction flow
Jil

the boundary at time ¢ of an arbitrary
material volume occupying the region b
the boundary at time ¢ of an arbitrary
material volume occupying the volume #
the intensity of the source, i.e. the
density of the production of quantity 4
the global source of the entropy (the
rate of generation of entropy per unit
volume and per unit time)

(or g) a strain tensor

a vector function which defines a
motion

Lame’s functions (constants) u = G,
A=VvE2(1+v)(1—v)

number of interacting components ;
each of them is understood as
continuum/Poisson’s ratio

total mass density (density of the total
mixture) at time ¢

density of the skeleton

mass density of component s, in
position X = x,e; at time /

(a dot), a material (substantial)
derivative with respect to the time ¢
(Lagrangian derivative)

a material (substantial) derivative
with respect to the time ¢

(Lagrangian derivative)

a spatial (local) derivative with respect
to the time ¢ (Eulerian derivative)
nabla operator

Laplace operator (V2 = A).
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theory it is described by the gradient of either con-
centration or the chemical potential [12, 14, 15, 17,
19]. References [24-26] examine similarities and
differences occurring in descriptions of heat and mass
transport according to theory of mixtures and ther-
modiffusion. It is also shown there that there are sev-
eral possibilities of transition from one description to
another which are dependent on the assumptions
made and kinematic or physical restrictions imposed.
But in the majority of phenomena where mass transfer
occurs, it is observed that the mass flow is more com-
plicated. There exists a resultant flow between the
flow generated by the gradient of concentration (or
chemical potential) and the flow occurring because of
the difference of momentum of particles in a mul-
ticomponent body (the skeleton and the fluid con-
stituents). The constituent flows can have the same or
opposite directions, i.e. the dominant flow will be
either the gradient or the momentum flow. One of the
evident examples of this phenomenon is, for instance,
the water transport inside the walls of a sauna. There
inside a lodging we can observe in the wall both water
transport due to the differences of momentum of con-
densed water drops and the flow of moisture as a
vapour which should be described by the generalized
(replacement of the concentration by chemical poten-
tial) Fick law. Of course this phenomenon is very
intricate because of phase transition, a temperature
field, and possible flows of the filtration type in the
capillary-porous materials. The situations become
even more complicated if we consider the opposite
case, i.e. the external side of the wall in different sea-
sons and weather conditions. So during heavy rain for
instance, there occurs a new flow into the building
from the outside becoming larger as the momentum
of water particles becomes larger and as the inlet angle
approaches a right angle.

As another example of the previously mentioned
mass transport phenomena one can consider the pro-
cess of gas and oil subaqueous mining. However,
despite all the above mentioned factors there is in
every case a multicomponent medium and for this
reason it is necessary to investigate the generalized
theory of different type of flow mixtures.

As has been shown, there exists a need for a unified
global theory containing the interactions between pro-
cesses of mass transport characterized by con-
centration (or chemical potential) and momentum,
thermal processes and the process of deformation of
the body. We shall investigate the model of heat and
mass transport described by the phenomenological
laws. Later we shall consider some generalizations
on the basis of the thermodynamics of irreversible
processes.

Section 2 gives an introduction to some basic
notations which are used through this paper. Then the
rules of construction of the balance equations are
provided. This concerns the rules for extensive scalar
quantities and vector (tensor) quantities as well. In
Section 3 the basic dynamic balances for a two com-

ponent system are investigated. We discuss there the
balances of mass, momentum, angular momentum,
and internal energy. In the next section we consider
Gibb’s equation, as we need to introduce entropy in
the most appropriate way. Subsequently the modern
Gibbs’ equation. thermodynamical forces and fluxes
appear in Section 4. Then the set of constitutive equa-
tions for thermodynamic and mechanical quantities is
laid down in Section 5. Finally, after linearization of
the complete set of differential equations and making
various simplifications, particular cases are presented
and a variational principle of Gyarmati type is con-
structed in Section 6. The paper ends with a summary
of its conclusions and list of references.

2. THE RULES OF BALANCE FOR TWO-
COMPONENT SYSTEMS

We consider a two-component system consisting of
one movable and one heavy species ; a mode! of such
a system is a gas dissolved in a metal or a fluid in a
porous (elastic) medium. In our consideration the role
of the frame of reference for diffusional flows will be
played by the crystal lattice of the heavy component.

Consider a body b, occupying the volume ¥, boun-
ded by the surface ¢4,. Let us separate out of the body
by an arbitrary sub-body b bounded by the surface ¢4.
For b we shall formulate the equation of balances for
extensive quantities and for vector (tensor) quantities.

2.1. Equation of balance for extensive scalar guantities
The global balance of extensive quantity A4 for arbi-
trary body & we formulate according to the relation :

>

rn

A

-~ = '—J\ jormdA+
o iy ?

~

T, dV (1)

e

where the left-hand side of equation (1) represents the
rate of changes of quantity 4 with respect to time; j,
is the density of the flow of the scalar quantity A,
and it describes the amount of the scalar quantity
considered which flows in unit time per unit surface
02, n is the unit vector normal to the surface 04 and
X, is the intensity of the source, i.e. the density of
the production of quantity 4. But the quantity A4 is
represented by the integral

4 :j adv @

where a measures the density of the scalar quantity
per unit volume. Substituting equation (2) into (1) we
have

da
j—:dV=~j j;ndA-i—f x,. dv. 3)
. cp #

L, 0t

Applying Green's transformation to the surface inte-
gral we have
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j de=J I:—divja-i-ZJdV. 4
2 0t P oA

In view of the assumed arbitrariness of the subvolume
we obtain from (4) the local equation

o)
%; = —divj,+Z. 5)
In general we can divide the density of the flow j,,
into two parts: "

(a) the convection part ji which is equal to the scalar
product av where v denotes the velocity of con-
vection and

(b) the conduction (diffusion) flow which we will
denote by kj,, where x is a scalar describing the
rate at which the global flow is represented by

conduction.
So, we have
ju =i+, ©)
where
i=av. ]

Substituting (6) and (7) into (5) we have

b} -
a_c: = —div(kj, +av)+Z,

= —divkj, —[adivv+v-grad(@)]+Z,. (8)

Thus we have two forms of general balance law in the
Lagrange description for an arbitrary extensive scalar
quantity in a continuous medium

? .
('Tf = —div(],) - div(av) + %, ©)

or

d .
e dived)—adivv+Z,

T (10)

where the notation for the Lagrange time operator

L +v-grad (11

d o
dr o

has been used.

2.2. Equation of balance for vector quantities

We can obtain the general balance for vector quan-
tities (and tensors as well) in a similar way to that
shown above. If we denote the mentioned vector (ten-
sor) by A in analogy to the equation (9) and (10) the
balance equations are

OA -
- —div(xj,) —div(A*v)+ X, (12)
dA -
5y = —divi) —A-divv+ T, 13)

3. BASIC DYNAMICAL BALANCES

3.1. Equations of balance of mass

We obtain the equations of balance of mass from
equations (9) and (10) after replacing a by p,, Z, by
R* and «j, by «j,. Let us change also the notation for
velocity vector from v to u”. This notation will be very
useful in the following considerations connected with
theory of mixtures (u* = v*—v), thus in this particular
case (u* = v* = v) we have

6;;, = —div(xj,) —div(p,u”) + R*
or
dp, . .
T —div(kj,) — p, divu*+ R*. (14)

Sometimes it is useful to introduce the concentration
¢ defined as the quantity of matter per unit volume,
i.e. ¢, = p./p. If we do this we will obtain

op, O de Op  dc

PP Al R P
dp, de  0p dc  op e
at Pa e TP e TyEade =y,

div(pcu®) = pdiv(cu*) + cu® - grad p
(15)

and the alternative forms of balance of mass follow

= pdiv(cu®)

p-g—j = —div(xj,) — p div(cu®) + R*

d
P (—5 = —div(xj,) — pe divu* + R".

(16)
3.2. Balance of linear momentum

In the case of mass migration in the two-component
body the equations of balance of linear momentum
follow from the relations (12) and (13). Let us use the
substitution

A=pv

kid =—P'n= —t

%, = pF. a7
According to the formula
div(ab) = a-gradb+bdiva (18)

the following relations can be written

3l
E(pv) = divt—div(pv-v)+pF

ov aop . .
pa—t+v E%—dlv(pv) =divt+pF—pv-gradv. (19)

The relation in brackets on the left-hand side of equa-
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tion (19) is the law of mass balance for the whole
body, which says that the mass of the whole body
remains unchanged.

d d
. %
@ L pdV =0 [ [-t(p) +pdiv v]d =0

d .
(Tp +V'gradp>+pdlvv =0
ot

op

o +div(pv) =0.

(20)

Hence

ov

pa =divt+pF—pv-gradv

or

Y _ dives oF @1
pg, = dive+pF.

3.3. Balance of anguiar momentum

Substituting the following quantities:

A =xXxpv
Ko = —XxPn=—xxt
Z,=xxpF (22)

in equation (12) we find the relations

0
E(x x pv) = div(x x £) —div [(x X pv)v] +x x pF.

(23)
The relations
0 0 op
E(xxpv)_pa(xxvﬂ—xxva
U TN SO S
SPXX G e v 28
div(x x 1) = X xXdivi+i;(f3, —113)
(s — ) +His( —1:)  (25)
lead to
0 op .
pa(xxv)%—xva:dw(xxt)
+x x pF—[(x xv) div(pv) + pv- grad(x x v)]  (26)
op : 0
(xxv) I:E +d1v(pv)}+ sz(x X V)
=div(x xt)+x x pF—pv-grad(x xv) (27)

ov
X X [pa +pv-gradv—pF—divt]

ox .
= ——vxpE —vx pvdivX+i;(t3;, —t23)

i (35—t His(t —11y)  (28)
and finally we obtain

t=t". (29)

3.4. Equation of balance of internal energy

The internal energy is defined as the total energy
minus the kinetic energy [7, 27, 28] ; its density will be
denoted by pU. We define the quantity in equation
(9) as follows:

a= p(U+%V'v)

Kja = —P-n-viq

Z,=pF v+pr. (30)
Hence the balance of energy takes the form
14 ) . .
5;[p(U+5v-v)] =divt-v—divq
—div[p(U+3v-V)]+pF v+pr.  (31)

Using the relations

%[p(Ui- %V‘v)]=<U+%v'v>%+p%]+pv'g
div(t-v) = v-divt+t:gradyv
div [p(U—I—%v-v)] = (U+%v~v) div(pv)
+pv-grad(U+3v-v) = (U+1v-v) div(py)

+ pv-grad(U)+pv-gradv (32)
we easily obtain
oUu 1 op ..
pa + <U+ Ev v)[?t +d1v(pv):|
. ov
= v~[d1vt+pF—pv . gradv—pa}
+t:gradv—pv-grad(U)—divq+pr (33)
and on using the notation
gradv = lgradv+igradv’ =¢ (34)

and balances of mass and linear momentum for the
whole body we can write equation (33) in the form

U
= pr+t:e—divq—pv- grad(l) (3%5)

Pt
or

U .
= pr+t:g—divq.

& (36)
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4. THE NEXT THERMODYNAMIC
CONSIDERATION

4.1. Entropy equation
Let us introduce Gibbs’ equation [11, 15, 29, 30,
31]:

TdS =dU—t:de—Mdc. (37)

In irreversible thermodynamics it is usually assumed
that this equation is true for differential operators

dS_ dU de de

a—g»t.a~ @ (38)

Let us introduce the balance of internal energy (36)
and the balance of mass (29) into the equation (38).
The result is

ds de

Tpazpr—dlvq—Mdt (39)

d/S_ﬁ divq

Pa ™ T

M . M . RM
+ T div{xj,) + &Fdlv u——

(40)

but

M. . (KkM], (M
FdIV(Kja)——d1V< T >~k]agrdd<7,) 41)

d—i;ﬂ = div (ﬂT)+ %q rgrad T (42)
% divu = div <p]\;€“> —u-grad (%) 43)
u-grad (p—AT/"> = uc - grad <£’;1) + A—;{ pu-grad(c).
(44)
Thus
p%‘f = —div(%,)— %q-grad(T)
+ div(K};Ij“) —xj, - grad <A74>

+div (&T‘") —uc - grad <£7A74>

+ lT{pu - grad(c) + K_TR{KI 45)

At each step we are going to obtain an equation of
entropy balance in a form similar to the general equa-
tion (5) namely

(p

ot

= —divj,+Z, (46)

where j, denotes the global flow of the entropy, and
X, represents the global source of this quantity (the

M. A. WROBEL

rate of generation of entropy per unit volume and per
unit time due to irreversible processes).
If we introduce

ds d(ps)  dp
Pac~ dar "

(47)

and use the equation of continuity (u* = v, or u* = v%)

d

d—;;—pdivv = —pdivu 48)
then, in view of relation
div(pSu) = pSdivu+u-grad(pS),
we get
ds d(pS) , .. .
. ; —u-erad
p a a +div(pSu) —u- grad(pS)
c(pS
= L(g[ ) ¢ divipSu).  (49)

With equation (49) we write equation (45) in the form
appropriate to equation (46)

o(pS) q Kk Mj, B pM(cu))

= ~d1v(pSu+ T T T

M
— %~grad(T)~xju~grad<7)

. oM M ooy, Pr—RM
—(cu) grad< r )+ T Pu grad(c) + T (50)
The divergence operator acting on the global entropy
flow in (50) as follows

q _xMj,  pM(cu)

js = pSut = —

T T T D

We can distinguish here four contributions :

(1) the convective component of the entropy flow
pSu;

(2) the component q/7T as a result of heat flow. This
component describes entropy flow connected with
heat flow in the closed (isolated) system, i.e. apart
from the flow of components;

(3) the component due to the convection flow
pM(cu)/T and

(4) the part caused by the conduction (diffusion) flow
of components xMj,/T.

Let us according to (46) introduce the rate of
entropy production

M
T =~ % grad(T)—kj, - grad <7>

M\ M
— (cu) - grad <p7> + T pu-grad(c)

pr—RM

e (62)
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4.2. Thermodynamical forces and fluxes

The entropy source is connected with the causes of
irreversible processes, i.e., with the intensive quantities
called the thermodynamic force X". The entropy
source is equal to the scalar product of the ther-
modynamic forces and the appropriate fluxes j [32].

R
— N\ i .xm
zZ, T;J X%, (583)
We can rewrite equation (52) in the form
1{—q ) M
z, = 7,{7 grad(T) —«j, T grad( T)
M M
— (cu) -[Tgrad<L) + 22 grad(c)]}
T ¢
pr—RM
— =0 4
T 0. (54)
Thus in view of (53) one can write
I { q 3 a H )
Zsz?tq-x +rj, - X+ - X6 (55)

The comparison between (54) and (55) yields

X4

1 . M
—?grad(T) Xt = —Tgrad(T>

xl’.‘

i

— [Tgrad<%4) + ﬂ? grad(c)} (56)

On the other hand there are in general nonlinear
relations between the vectors of fluxes and the ther-
modynamic forces

j(ﬂ =j(7)(x(';)') —
q=qX", X, X) «j, = kj. (X%, X5, X)
Je = Jo (X9, X, X9). (57)

For laminar flows we assume that the above relations

are linear
Xq = quxq + anxﬂ + chxC
Kja = L X+ L X"+ L, X" (58)
lpu =L X%+ L, X"+ L.X"

The relations (58) are phenomenological. The quan-
tities L, here are constant and satisfy the reciprocity
(Onsager’s) conditions L, = L., L,.=L, and
L,. = L. Moreover, the conditions (54) imply that

Lcc >0 LaaLcc ‘LLZL >0
quLaaLcc + 2LquLachc
- L:c Lua -

LiLe—L0Le>0. (59)

Using the relation

PMY _ orad( MV M ooy = ki
grad(T)— pgrad( ,1,>+ T grad(p) = pgrad< T
(60)

one can rewrite the equations (58) in the form

~

L M
q=— 7"? grad(T) — (L, + pLy) T grad (7)
M
_z = Lyegrad(o)
L., M
Kl = — = grad(T)—(Laa+pLac)Tgrad<’)
T T
<
M
- p—c— L, grad(c)
L M
cu= — —=grad(T) — (L, +pL.)T grad =
T T
M
- "TL grad(c). (61)

\

With relation
M
Tgrad <¥) = grad(M) — T grad(7T) (62)

we can find from the set of equations in (61), the
following equations

1
Cu+Kja =j=- ?{Lqu'f'ch—'Laa

+ Lac + p(Lcc + Lac)*M} grad(r)
- Laa + Lac + .D(Lcc + Lac) grad(M)

Pt L grad (@ 63

1 L. Lq.
q=— ?{qu—an L’q‘ + (an —L,, L%)M}grad( T

Lge Lee
- (an - L’aa ﬁ)grdd(M) + qu Kja (64)

1 L. L.
= — H{ch —L + <Lac — L, ~>M}grad(T)

T N L.
LCC LCC
- Lac - an 7 grad(M) + q (65)
L ch

L Ly
T qu-chL + an—LaC? M rgrad(T)

cc

L. L.
_ < Ly, —L, ﬁ)grad (M) + Lq cu (66)

C ec
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1 Lac
Kja = - ?{an - Lq.: L + (Laa '_Lac

i:)M }grad( T)

Lac Lqu
— — — 67
(Lom b fermdn+ o 67
1 L. M
au= — ?{Lac - an ch ac ™ Lchau) ch}grad(T)
- z —L.L,,)grad(M)+ Lec Kj (68)
ch ac cC aa g ch Ja
Kja = - ? {qu - (Laa + pLac)M} grad(T)
oM
— (Laa+pLso) grad(M) — = L, grad(c). (69)
Let us now return to Gibbs’ equation (38)
U=t:t4+ TS+ Mc. (70)

But on the other hand dU is a total differential so we
have

il Sl hihl
U B + S S+ 2 ¢ 71
Hence after simple comparison we have
oU oU cU
t= % T= 7S M= e (72)

The Taylor series of the function Ufey, S,¢) in the
vicinity of the natural state (¢, = 0,5 = 0, ¢ = ¢,) for
the isotropic and homogenious medium has the form

U oU,

Ule;, S, ¢) = Uy(0,0,¢,) + a—&:ls,.,+ a5 S

oU, 1 8°U,

F e (Tt S G b
1 2*U, 122U, g2
2 Oey, 05y Eu By 2 082
122U, . &U,

+ 2 a0 (c—cy) +5£,¢, aS.s,-,-S

+—2 &y + == U o)+ 73
de, 5 u(C o) 658 S(c—co)+ . (73)

Let us assume as in [15] that U(0,0, ¢,) = 0 and let us
neglect the first three parts in the series (73) because
for ¢;=0, §=0, ¢ =0 it should be that ¢, =0,
T = Tyand M = 0. Using the notation

c=c—¢y O©=T-T,

in view of relations (71) we get

oU U,
i = &ij
/ 65,, E'Bk, Oeyy
U, *U, U,
—— gy 0
+ Oty Oty Bk ”+ €,; 0S S+ O¢; ac¢

6U 22U, 4 82U, 8*U,
- c
TS T 0e, 085 552 VT aséc
oU  6*U, o*U, U,
=== e (74
Oc Oy Gc Gt 6S&cs+ oc? ¢ 74
Let us now introduce the notation
ru, ., PU,
0O¢;; O N Ot Oy
?U, U,
SRV T R §
de,08 0 Gggac 1<%
0*U, U, U,
=m L= =—r (5
as? " e " asac (7)

and now we can write the set of constitutive relations
as

aU ay 7 ’
ty = == = 20e;+ (A — v —7e) Oy
ij
ou
O =75~ “reutmStle
ou
M= 7 = —yieu—I'S+nc. (76)

Let us introduce the free energy F = U— ST [31,
32]. Taking into account the relation (70) we have for
its derivative

F=t::—ST+Me. (77
Using similar notations to these in relation (75)
FF, PF,
88,:/- 681, - (381(,( 66”
FF s PR
6,00 11O G ac T el
@2F0 aF(] aZFO
= — = = —/ 7
w0 "o " e Y

In a similar way to that shown above we get the
following form of the Taylor series of the function
F(e;,©,¢) in the vicinity of the natural state
(6;,=0,T = T,, ¢ =0) which for the isotropic and
homogeneous medium has the form

6F0

J0F,
Fy(0.0,,0)+ = 3

e

Fle;,0,c) = 20

A m_, n
58kk£1[+ 5@' + ECZ

L —1OC.

oF,
+ E C+,u8,:/-€,‘,' +
— e ®@—7 (79)

In view of (76) we have the second set of constitutive
relations

oF
t; = g = 2pe;+ (Aeg — 1O —7.0) 6!’/
ij
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or
S = 57 = e +mO+tilc yr =Q2u+3)ar
oF
m=c,/T, == — V& —IO@+nc T=0.
(80)

Let us now return to the equations (64)—(69). Sub-
stituting into these equations the quantity M from
equation (80) we find

Kj, = — D grad(c) — D, grad(g,) — Dy grad(®)

@81
where
D= n(Laa + pLac) + %Lac (}:cgkk + 10— T’ZC)

Du == ?c(Laa + pLaC)

1
DT =7 [an_lTO(Laa+pLac)

Ty —

- (égg‘l_ pLac) (ycgkk +/10— nc)] (82)

where the underlined parts appear in the classical ther-
modiffusion theory [11, 12, 15]. After linearization of
equation (82), and (82), we get

D =n(Ly+pLio)

Ds = —Vc(Laa +pLac)

1
Dr = |:T an_lTO(Laa'f'pLac)]v (83)
0
In the same way we get
q = —kgrad(®) —k, grad(e) — k. grad(c)
(84)

where

1 Ly
k= —]—_';|:qu - lTo (an + quc — 2Laa L:C ):|

- (an + quc) (‘ycskk +10— Yl(_‘)
- }’C(an + quc)

Il

k,

i

k. = n(Lq+pLo)+ quC(ycekk 1@ —ne). (85)

After linearization of equation (85), and (85), we have
1 Lo
S P P

ks = —% (an + quc)

ko= n(Lou+pL,) (86)
and the next quantity
cu = — D grad(c) — D, grad(ey) — Dr grad(®)  (87)
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where

D = Lyt pLe) + & Loutus+ 10 —ne)
Qe = —}’C(Lac_*'chc)

_ L.—IT,| L L.—2L L +2L Ls
T — Tg} qc 0 ac+p cc qa ch aa Lac

!

- (Lac + chc) (?cgkk +10— nc):|. (88)

After linearization of equation (88), and (88), we get
Q = n(LaC +pLCC)
Dc = “'Yc(Lac +chc)

1
QT = h[ch - lTO (Lac + chc
T,
LCC LCC

~2L,, 1: +2L,, Lac>:| 89)
and finally we get
Kj.+cu = j = — D grad(c) — D, grad(e,,)

— Dy grad(®)  (90)

where

D = n[Ly+ Lo+ p(Loc+ L))

- %)(Lac + Lo) (yebiy + 1O —nc)

ﬁ:: = '_’)’C[Laa+Lac+p(Lac+Lcc)]

< 1
DT = ﬁ{an + ch - ITO [(Laa + Lac)

L,.+L 2L L Lu
p( ac+ CC)+ 'cC Lcc L

qe
- [@‘F Lac + p(Lac + Lcc)] (Vcskk + /(0] _nc)}

oy

where as before the underlined parts appear in the
classical thermodiffusion theory [11, 12, 15]. After
linearization of equation (91), and (91); we have

= ﬂlﬂ+Lac+p(Lac+Lcc)]

D
lja = _?c[Laa =+ Lac + p(Lac + Lcc)]

o 1
DT = ?{an + ch - ITO l:(Laa + Lac) - p(Lac + Lcc)
0

+ 2L Laa an
“ Lcc ch .

©2)
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5. THE SET OF EQUATIONS AND
SIMPLIFICATIONS

5.1. The complete set of the differential equations
Let us return to the balance of entropy (39)
pTS = pr—divg— M(—div(kj,) — pcdivu+ R)
93)
where the balance of mass (29) has been used. Sub-

stituting into this equation for the quantity q from
equation (83) we have

pTS = kdivgrad(®) +k, div grad(e,,)
+ k. div grad(c) — M(—div(kj,)

—pcdiva+R)y+pr. (94)

There are nonlinear terms in the part
M(—div(kj,) — pcdivu+ R). These parts may be neg-
lected by comparison with the first three parts on the
left-hand side of equation (94). Thus

pTS =~ kV2O 4k, Viey +k.Vic+pr. (95)

Introducing into the left-hand side of this equation
the quantity S from the constitutive relation (79) we
obtain after linearization (we assume that ®/7;, « 0)

V2O + k. Ve, +k. Vi
—pTo(Préw+mO+1e) = —pr  (96)
KV =m@)® +(k,V* — pToy; §,) div(u)
+ (k,V? —pTold)e = —pr. (97)

Let us now substitute equation (89) into the principle
of mass conservation (16)
p¢ = —div(— D grad(c) — D, grad(ey)

— Dy grad(®) —cu) — pcdivu+ R, (98)

Because div(cu) —pcdiva = ¢(1 —p) dive+u- grad(c)
we easily obtain

pé = (DV? +uV)c+ (D, V?

+c(l—p))diva+ D V’O+R  (99)
(DV? +uV—p d)c+(D.V?
+c(l—p))diva+ D V’@ = —R.  (100)

Let us rewrite equations (97) and (100) according
to the notation

de)

20 =3 a0 uve. o
The result is
(kV> —umV —m )@+ (k. V? —up Ty V
—pToyr 8) div(w) + (k.V? —u- pT, IV
—pTold)c = —pr (102)

DV +u(l—p):V—pd)e+(D,V?
+c(1—p))diviw)+ D V@ = — R (103)

Equation (103) is the diffusion equation. It can take
two forms. The first possibility is that we express the
mass flux using equation (90). Then we obtain equa-
tion (99).

However, we can proceed in a different manner. Let
us determine ¢ from the third relation of (80) and
substitute the result into the left-hand side of equation
(99) and into equation (102). Hence (102) and (103)
take the form

[(k+lk )V —u(m+IpT, -V
—pTo(m+1) 3]0 +[(k, +ky)V?
—u(yr+yD)pToV—pTo(yr +7.) ¢]div(u)
+[knV?: —w pTolnV—pTolndIM = —pr (104
[(Dr+ID)V? —u(l —p)!-V—pl 31O+ [(D, +y.D)V*
+u(l—p)yc V—py. &+
+ (1= p)(nM + 7.8+ 1O)] div(m)
+[DnV+u(l—p)n-V+pnd]M = —R (105)

where

~2

/= ° (106)

XN~
S~
|‘<
N
1l

E:

x|

After linearization on the sets of equations (102) and
(103) or (104) and (105) we arrive at the system of
equations

(kV?—m )0+ (k, V> — pT,y1 &) div(m)
+ (k. V2 —pTyld)c = —pr(DV? —pd)c
+D, V3 div(u) + D;V*0@ = —R  (107)
or
((k+Ik )V —pTo(m+1)4,]©

+ [k, +ky) V2 = pTy (1 + +1d) Gl div(w)

+kenV? ~pToln§JM = —pr

(Dr+ID)V? = pl 210 + (D, + 7. D)V’

—p7. 0] div(w) +[DnV* +pn )M = —R (108)

where we underline the new terms which appear in
comparison with the “classical” linear ther-
modiffusion theory [11-14].

Introducing now into the equation of motion

Lyt pF; = pi; (109)
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the stresses given by the first constitutive relation of
(79) and making use of the definition of strain

28; = u, ;+uy, (110)
we obtain the system of equations in displacements
UV (A4 W i+ pF; = pii;+9710 ; + 7.,
(111)

Using the equation for concentration (80); we arrive
at the relation

ﬂvzui+ (}-4‘#“&%)”_/.;:""/71::'

= pi;+ (pr+)0,+nmy .M, (112)
or in the vector notation
uViu+ (A4 p—yey.) grad divu+ pF
= pli+(pr+ly.) grad @+ ny grad M. (113)

Equations (107) and (111) or (108) and (113) con-
stitute the complete set of the equations of heat and
mass transfer in a solid.

The final system of equations is as follows

Dic+D,V*div(u)+ D, V@ = —R
D2®+D3 le(u)+ D4C’ = —pr
#V2u+ (A+p) grad divu+ pF

= pu+ypygrad ® +y. grad(c) (114)

or
1/\31M+P5V2 div(u)+QTV2® = —R
D,@+D;div(w)+D .M = —pr
uV*u+ (A4 p—yw) grad divu+ pF
= pu+}A)Tgrad®+~,!M grad M (115)
where
D, = DV*—p3, D, =kV>—md,
D, =k NV>—pTyy:8, D, =kNV?~pT,id,
D, = DnV?* +pn g, D, =(D,+7.D)V* ~py. &,
Dy =(Br+ID)V? Dy = (k+Ik)V? = pTo(m+10) 4,
Dy =(k, k) V? —pTo(yr +7cl) &,
Dy =kanV?—pTolnd,  ywm = Yol
pr=vrthe me= e (116)

Finally in this section we are going to introduce

thermodynamical inequalities in the same manner as
that shown in [11]. Considering the equation of the
internal energy (73)

’

2
2U = plese;+ (i “"/1/)62 —2y.Se

3
—2yice+m'S*+n'c? -2I'Se  (117)
where e, is the deviator of the strain tensor
ey =E;—30u6m = &;—10,e ;=0 (118)

and constitutive equations for a concentration and an
entropy obtained from the relations (76), ,

1
o — 1% VO +m' M+ (yem +v,l')e]

¢ =

nm —
1
S=——— O+ M+ (L +yn)e] (119)
nm' =1
one can get
2
2U = Qe e, + ¢ [T# iy

I ’ ’ F ’ Lt
- m(%zn +ylm + el )]

WO +m M?+2IM®). (120)

wm' —17
The internal energy however is defined as a quadratic
function which is nonnegative. Following now the
consideration presented by Nowacki [11] we get simi-
lar final inequalities for the coefficients which occur in
the constitutive equations (76). These inequalities are
as follows :

’

2
K rs0 3 >0;

w>0 3

ye>0

7

m>0; n>0; m-=I">0. (121)
5.2. Simplifications—particular cases

The final set of linearized equations (114) and (115)
of mass and heat flows coupled with mechanical field
is very complicated. However one can make some
simplifications. In a similar manner to the cases of
thermodiffusion [12] or coupled thermoelasticity [13]
we can neglect here the term V>div(u) in the mass
equations and the terms V2 div(u) and div @ in the heat

equations. Then we arrive at the set of relations
V> —md)O+ (k V> —pTyld)c = —pr
(DV? - pd)c+D;V*® = —R
uViu+ (A+p) grad divu+ pF

=pu+ygrad®@+y grcad(c) (122)

or
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[(k+ Ik )V? — pTo(m+11) 4,]©
+[knV? —pToIn g M = —pr
[DnV? +pn gIM +[(Dr +ID)V? —pl3]® = — R
uViu+ (A+p— ym) grad divu+pF

= pu+yrgrad@+yy, grad M. (123)

Here the equations of heat conduction and mass are
coupled. After solving this set of equations the func-
tions @ and ¢ or ® and M appear in equations (114),
or (115); as known. With these equations which are
analogous to the equations of the theory of heat
stresses we can determine the influence of heat and
mass flow on the strain of the body. On the other
hand we cannot determine the influence of strain on
the mass and heat flow because there are no appro-
priate terms in these equations.

If we do not examine the influence of mechanical
vibration on the heat and mass transport then we
can neglect the terms diva in the given sets of final
relations. Thus

(kV? —md)O + k, V> div(u) + (k V> —pTyld)c = —pr
(DV? —pd,)c+ D,V div(u) + D;V*® = —R
uViu+ (A+y) grad divu+ pF

= pu+yrgrad ®+y grad(c) (124)

or
[k +k )V — pTo(m+11) 3]0 + (k, + k. y)V? div(u)
+[knV? —pTyin oM = —pr
[DnV? + pn §IM + (D, +7.D)V? div(u)
+[(Dr +ID)V? —pl3]® = —R

1V u+ (A+u—vyy) graddivu+ pF

= pu+yprgrad @ +yy grad M. (125)

In the quasi-stationary cases the time derivatives
disappear in relations (114) or (115). Then we obtain
the set of equations

kV2O +k, V2 div(u) +k.V3c = —pr
DV2c+D,V? div(u)+ D;V*© = —R
pViu+ (A+p) grad divu+ pF
= yrgrad ®+y grad(c) (126)
or

(k+ k) V2@ + (k, + k) V? div(u) + knV2M = — pr

DnV>M + (D, +7.D)V? div(u) + (Dy + ID)V?© = —R

M. A. WROBEL

uViu+ (A+p—ywm) graddivu+ oF

= yrgrad @ +yy grad M. (127)

Finally, when we neglect the influence of strain on
the mass and heat flow in the quasi-stationary cases,
we arrive at the system of equations

kV*@+kVic= —pr
DVic+DV*@ = —R
uViu+ (A+ ) grad divu+ pF

= yrgrad ® +vy grad(c) (128)

or
(k+1lk)V?O + (k,+k.y) V2 div(u)
+knViM = —pr
DnV*M+(D; +ID)V?® = —R
uVia+ (A+pu— 7m) grad divu+pF

=yrgrad®+yy grad M. (129)

6. VARIATION FORMULATIONS

The object of this section is to emphasize a few
features involved in the construction of variational
principles for the theory considered in this paper.
Firstly, we are going to present the integral variational
principle of Gyarmati. Secondly we will supply an
extension of this principle which is more appropriate
to the approach which was made in the previous
sections. Finally, we will apply this generalization to
a theory. This problem consists of finding a ‘state’, i.e.
thermodynamical quantities which satisfies the gov-
erning field equations in a given region of space and
meets certain boundary conditions and kinematic
equations for the thermodynamic forces and equa-
tions for the appropriate fluxes.

Let us denote by ¥ the volume of an arbitrary body
# of three-dimensional (3D) Euclidean space and
bounded by the surface 64.

6.1. Gyarmati variational formulation

Let us consider the variational principle formulated
by Gyarmati [33, 34] and described by him as “‘uni-
versal”:

5J deV=5.[ E—W+e)]dV=0 (130)

where
=j-X, X, =VI, (131
¥ =:LX, X, (132)
@ = Rudi (133)
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so the Lagrangian potential is a function of forces and
fluxes

g’-G = ’EFG(rbvrz‘ajz) (134)

and I'; and j, are the quantities for which the variations
should be calculated. The functional (130) leads to
the following equations given in the form of the Euler
equations

% — 9‘9_0_0_ =0
ovr,  oT;
6’2_0 =0 (135)
which gives:
(1) the balance equations

pa;+V-LyVI,—r,=0 xe% (136)

(i) the kinematic equations for X
X, =Vl =R;j, x4 (137)

(iii) and the boundary conditions
ji=1 =L,V xeé®. (138)

Moreover from the balance equations the relations
for the fluxes results

ji = Ly VI, xe%. (139)
6.2. A certain generalization—the variational principle
of Gyarmati type

A simple comparison of (131) and (54) shows that
there is a need to extend the Gyarmati variational
principle for these cases where the potential T or at

least one part of it is of the type

T =jsOVL® (nosumon (b))  (140)

as the thermodynamical forces X, should be expressed
by (56). Some calculations show also that this leads
to the modification of the Gyarmati principle. In par-
ticular the “local, dissapative potentials” X, i and ¢
should be modified. Thus we are led to the following
extension of the Gyarmati principle.

We shalllet U = U(#, 04,5, T VI'™ j,) denote
the foregoing problem for the case in which the gov-
erning equations are following:

(i) the balance equations

pa;+V - sPL VTP —r, =0 xe# (nosumon (b))
(141)
(i) the kinematic equations
sSOVE® = Ryj, xe# (nosum on (b))
(142)
(iii) the constitutive equations for the fluxes
ji=sOL,VI® xe# (nosumon (b)) (143)

(iv) and the boundary conditions

=5 =sOL VY xed# (nosum on (b)).
(144)

Theorem. Let ue U and let % («) have a linear
Giteaux differential at every », where & is the func-
tional defined by

F ) = F (O, TP, VP, j)

= j E—W+o-—9ldV (145)

where

=X = VsOTP = T4+ 3 = o (X(+X)
=i sSOVE® I - Vs®

X{ =s®Vvr®

X/=T®-Vs® (nosum on (b))

(146)

¥ =3;LX;* Xy = 3 L VsOT® - VsOTP
(no sum on (b) and (t)) (147)
¢ =3 Rudi s (148)

9 =1 La(X, — X)X, —Xi) = 3 Ly X" X{
= %L,.k revs® - TPVsY  (no sum on (b) and (t)).
(149)
Then
0F(u)y =0 overU (150)

if and only if u is a solution of a boundary problem
consisting of equations (141)~(144)

Proof. Let u be an arbitrary element in U. We are
going to calculate the Gateaux differential of .
Let us start from insertion of (146)—(149) into (145).
The result is

F @) = F (5,10, VTP, j) = J {i,- V5T
,

_% [LyT®Vs® - [0 ys® 4 Ruji i
— L, IPVs®-TOVO1 dy. (151)
Using the identity
i VsOT® = Vo (js®OT®) —sOT®V-j, (152)

and applying Green’s theorem we have
Fu) = J {—s®T® - Vj,—3 L, VsOT®
v
“VsOTO + Ryji o — L TV Vs® -
rPvs®]} dV+J {Gs®T®n} d4  (153)
A

where A denotes the surface bounding a medium.
Taking the general balance equations into account
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pa—r, = —Vj (154)

we can rewrite (153) as
F ) = J {(pa;—r)s®T®
v

—HLasPT® - VsOT© + Ry i
— L, TOVs® - [0V} dV

+ j {(s®TE)n} dA. (155)

Now according to the assumptions concerning cal-
culations of variation in the universal principle of
the Gyarmati type we are varying, concurrently and
independently each of other, s®, T'®, YI'™” and j,
respectively. Then the Gateaux differential of & is as
follows:

d
0F (u) = {grad F (w)) = L (F (u+oi)l,—o)

=j {l(pt,~r)sT")

— 1Ly V(P T®) - V(sOTE)]
—1O[R i) + LaT P Vs® -V 6(s"T()

— L T®Vs®§(s© - VI dV

+6 J (js®T®ndA (156)
A

where the relation

LOILT®Vs® - TPVs®] = ; [Ly S(CPVs®) - TP Vs
+ L, TPVs® - §(TOVsY) = L, TOVs® - 5PVs©)
+ (LT OVs® « §(sOVIP) ~ L, TPVs® - 5(sOVIP))]
= TOVsO L, - 3(sOVIP) + TOVs® L, - S(TPOVsY)
— L, TOVs® - §(sOVIY) = L, TPVs® - VS(sOT )

— L,TOVs® « 5(sOVTP) (157)
has been used. With the formula
FOLAV(OT®) - V(s“T")]
= Ly VOo(s®T®)-V(OTY  (158)

equation (156) becomes
6 (u) = f {3l(pd;~r)s™ T
vV

~SlL VGO TP) VGOT)]

— Ryi S+ LV O(sOT®) - V(s9T()
+ L, TOVs® -V §(sOT()

— L, T®Vs® 5(s0 - VI P)} dV
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+6 J {(js®T®}ndA. (159)
A

Thus in view of equation
S[L V(®T®)  V(sOTP)]
= LV o(sOT®™) - v(sOIY)
+ L V(EOT®) - VaEUTY)
= LyVo(E®T®) - V(sOT)
+ Ly s®VT® -V 5(sT(Y)
+ Ly FPVs® -V 5(sVTE) (160)

one can write

0F (u) = f {8l(pa,~r)sOTP]

1%
~Lys®VI® -V (sOT) ~ Ryj: * O
— L TOVs® §(s© - VI AV

+5j {js®T®ndA. (161)
A

The following relations arose from the equations of
balance

s® S(pa,—r) = —s® 6V +j, = —Vs® 3+ Vs® « 5j;
(162)

so the equation (161) may now be written
O0F (u) = j {(pa;—r) 8(sVT()
v
—sO L, VI® vV (sUTP)

~TPV - 5® 8+ TPV -6 = R, Ol

— L, TOV® 5(s0 - YT} dV
+ J §, O(sPT®) +5OT® 5jindd.  (163)
A

This formula may be expressed by the relation
O0F (u) = J {(pa;—r;) S(s®T™)
14

~ s L VT® ¥ §(sOT0)
+5OVE® - 5j, + TP Vs® - §j; — Ry * O
— L, TPV 5(s9 - VIP)} d¥

—j {V (T 8j)} dv

.

+J {j: 0(s®OT®) +s®T™ gj,}nd4 (164)
A

where the identity
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SOV §f = —V(sPT® §j,) +sOVIP - 5,
(165)
has been used.
Introducing now the relationship
—sOL,VI® -V 5(sOTP)
=~V [s®L, VI[P 3(OT)
+(V s®L V™) 6(sOTY)  (166)

and applying the divergence theorem we finally
obtain, after some calculations, the relation

OF (u) = J {(pa;+V *sOL VTP —r) 8(sVT)
v

+ (S(b)Vrgh) — Rybi)

O +TOVs® - 6(j, — s L VI } AV
+J {(.]1 —s(‘)L,-kVFI(:)) 6(5(“1—?}))}“ d4.
4

(167)

One first proves sufficiency. Suppose that ue U is a
solution of equations (141)~(144). Then relation (167)
becomes

(grad  (u)), =0 overU (168)

and point ue U is a critical point of the functional
Z (u). This implies equation (150).

To prove necessity, let us assume that equation
(150) holds. In view of Lemmas 1-4 [35], one can see
that

grad F(u) = Nu) =0 (169)

which completes the proof of the theorem.

The functional derived herein gives, when varied,
the governing equations including the boundary con-
ditions in form of the Euler equations.

6.3. Applying to the constructed theory
Let us now use in (145) the following substitutions
according to the relations (54) and (56) in Section 4.2.

ii=q oLy lyr
T

1 1 . .
xq:rv(—?) X.=V<—?T) jo = K.

=T X, = —TVﬂ
2 T

M
X,=V —T7 ji=cm s =-T

M
3 p
SEI) = -

M
X§ = V(=T

, M\ . oM
xg:-w(’%) Xy =22V

My M
X} =V(—T3—> (N L 7
T [4
W M M
Xt =cv<—p7> xg‘:v(-ﬂc—c> (170)

where the quantity X, X; and j; we have taken appro-
priate to equations (54) and (56).

Z=§iXi =i sOVE®

_of = Lvrlin | -1y Y
=q T KJa T

+eu [ TV(pM> ﬁ?vc_ (71)
= X{ = TP Vs
_q|:T V( 1>}+Kla|:T'V(—T):
+C“['#~'V(T)—C-V<#>— (172)

Z=j-X = iz‘VS(b’l"Sb’

1 . M
=q‘V<-—7_,T)+K]a V<_T_f>
+cu'[—V<T%l —)—V<£?—lc>]. (173)

Analogously to eqs (147)-(149) we have
Y= %{quv<% T)V(%, T>+LaaV<T%)V(T¥>
pM pM
[y v (7)o (7)
ro(2of s (hr(r4)
+2LQCV<T%>[V(T"¢4)+V<’J?4 )}
M pM pM
NGl

(174)

+2LacV<T

- % {quq ‘ q + RaaKja - Kja + Rcccu scu + 2Rqaq ) Kja
+2R,q" cu+2R,.kj, " cu}  (175)

1
,9.:3:5

1 1 M
= 5 LuX;- xz:E{L TZVZ( >+Lad< ) V3(T)

Ly (X, — X)X —X5)
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oM o PMN | [ oM
o [

oM M_[1
+CV<?):|+2L% T7V<7,)V(T)

1\ |pM pM
+2LqCTV(?>[ - V(T)+CV( ; )}

Moo [oM oM
+2L807V(T) [ T V(T)+CV< p )]} (176)

where the matrixes L, and R, are inverses of each

other and Onsager’s conditions have been used

(Lyj = L;; R; = R;). In equations (154) and (162) we

have taken respectively :

entropy equation (39) (the second reduced energy

equation)

TpS = pr—V-q—Mé= —V-q = TpS+Mc—pr

(177)

balances of mass (16)

p¢ = =V kj,—pcVa+R= —V kj, = pé+pcVu—R
(178)

5]
pé—j = =V kj,—pV :(cu)+ R

1/ oOc .
= -V (cu)=;<pE+V K],,—R>. (179)

Hence following step by step all the calculations
from Section 6.2 in place of relations (141)-(144)
which are the Euler equations of % () (solutions of
relation (167)) we obtain:

(i) the balance equations

. 1 M
TpS+V '<— ?quVT- TanV<7>
pM\ pM
()]
+Mé—pr=0 xeZ (180)
. 1 M pM
pC+V (— TanVT— TLMV( T>+Lac|:— TV(T)
pM
- TVC +pcVu—R=0 xe# (181)
oc 1 M
P35 +V <— ?LqCVT— TLaCV<7>

M M
+Lcc,:_TV<p?)_ pTVC:l)‘FV'Kja—R =0

xeZ (182)

(ii) the kinematic equations for X/

M. A. WROBEL

1
— ?VT =R, q+ R, Kkj,+ R .cu xcX
M .
— TV7 = R, K, + R, q+ R, .cu xe#

M\ oM
- TV(pT) - pT Ve = Recu+2Rokj, + Regt

xed (183)

(iii) the boundary conditions

1 M M
q— (- FLoVT— TanV<7)+ ch[~ TV(%)
M
- %Vc}): 0 xed#
. 1 M pM
Kja—<—~ ?anVT— TLaaV< T)+Lac,:~ TV( T )

M
— p—Vc:|>= 0
¢
1 M pM
(= beovrrrs (B - o(2)

—BCMWD:(J xedB  (184)

xe€0%

(iv) and as at the previous time the equations for the
fluxes result from the balance equations

1 M M
q= (_ 7L VT— Tanv(7>+ch[— TV<p7)

~%/!VCJ> xXeHB

1 M M
Kj, = (— FLaVT— TLaaV(7>+LaC[— TV(‘%)

M
— pTVCD xe#

w=( -t vr-rL ()| - rv(eM
a = _ch - ac T+cc_ T

M
- pTVc:D xe®. (185)

So the functional defined by (145)-(149) gives, as the
Euler equations the entropy equations (39), balances
of mass (16) the boundary conditions in fluxes and
constitutive equations for them. It is easy to show by
using (60) that equations (185) are the same to the (61)
which results from thermodynamical considerations.

7. CONCLUSIONS

The system of equations (114) or (115) obtained in
this paper together with the equations for heat and
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mass fluxes given by (81), (84), (87) and (90) are the
basis for solving different initial-boundary problems
in solid bodies. The variational formulation presented
here could be also convenient in particular cases.

After consideration of this work we would like to
underline that whereas in thermodiffusion the mass
migration is described by the gradient of concen-
tration, and in the theory of mixtures one treats all
the components with equal rank, in the present paper
the mass flux is generalized and links both types of
flows, i.e. this is characterized by the momentum of
migrating particles, and this is described by the gradi-
ent of either concentration or the chemical potential.
Such a resultant flow is given by the relation (90). The
present theory retains the interactions among pro-
cesses of mass transport, thermal processes and the
processes of deformation of the body; as in the
coupled thermodiffusion theory.

However the proposal for the description of mass
and heat flows coupled with a stress field shown here
is valid only while the single mass component flow
occurs. So there is a need to construct such a theory
for multicomponents flows. There are opportunities
to do this on the basis of considerations presented
here and the theory of mixtures. One can also observe
that, in the majority of phenomena of heat and mass
transport, in technological processes where material
structure rebuilding is concerned, and in numerous
examples of flows in capillary-porous media, the
macroscopic state of the system depends not only on
the state at a given time but on previous states as well.
These facts lead us to make the attempt to extend the
investigations presented in this paper into the vis-
coelastic nature of materials.

Such problems as well as the generalization of the
variational formulation shown here will be a matter
for future investigation.
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